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The equilibrium plasma rotation in a general toroidal magnetic field is nearly always
subsonic and is determined by the requirement that the collisional particle transport
should be ambipolar in lowest order in the small-ion-gyroradius expansion. Gyroki-
netic turbulence can only appreciably modify the rotation on radial length scales of
order the ion gyroradius. Only in quasisymmetric fields, where collisional particle
transport is intrinsically ambipolar, can the plasma rotate freely and then only in
the quasisymmetry direction. Sonic rotation velocities are allowed in this case. How-
ever, the quasisymmetry gets violated when the rotation speed exceeds the diamag-
netic speed appreciably, leading to reappearance of the non-ambipolar 1/ν-transport
regime. Fortunately, this transport scales with the fourth power of the rotation Mach
number and is expected to be modest in most plasmas of interest.
2I. INTRODUCTION
One of the most important lines of stellarator optimization is the quest for qua-
sisymmetric configurations [1–3]. By definition, the strength of a quasisymmetric
magnetic field is independent of some linear combination of the Boozer angles. Thus,
if θB and ϕB are the poloidal and toroidal angles in the Boozer coordinates, B is qua-
sisymmetric if B ≡ |B| is independent of mθB−nϕB, where m and n are integers. It
is remarkable that a magnetic field can be quasisymmetric (at least approximately)
without being symmetric in the usual sense, i.e., that B can be symmetric although
B is not [4].
In a perfectly quasisymmetric magnetic field, all guiding-center orbits are well
confined and obey Tamm’s theorem: they do not depart from a given flux surface by
more than a gyroradius multiplied by a geometric constant. The reason is that the
guiding-center Lagrangian, when written in the Boozer coordinates, only depends on
the magnitude but not on the direction of B. A constant of motion therefore exists in
addition to the energy and magnetic moment, namely, the canonical angular momen-
tum conjugate to the ignorable angle mθB−nϕB, in analogy to the canonical toroidal
angular momentum in an axisymmetric tokamak. In fact, the analogy goes further.
All the standard neoclassical properties of tokamaks carry over to quasisymmetric
stellarators, because there is an isomorphism between the drift kinetic equations in
these configurations [6]. The usual neoclassical results for tokamaks therefore also
apply to quasisymmetric stellarators, and the transport coefficients can be translated
by a simple recipe. Some of these coefficients can change sign – the bootstrap current
in a quasihelical stellarator is normally negative, for instance – but no new equa-
tions need to be solved for the stellarator case if the relevant tokamak results are
known. (This is actually also true for the much wider class of omnigenous, or quasi-
3isodynamic, stellarators [5].) In particular, the neoclassical transport is benign and
lacks the “1/ν-regime” otherwise plaguing stellarator confinement.
A special feature of the tokamak is that toroidal plasma rotation is almost un-
restricted, because the neoclassical transport is intrinsically ambipolar [7, 8]. This
means that the radial fluxes of ions and electrons are equal and independent of the
radial electric field in leading order in the gyroradius expansion. Because of the iso-
morphism just mentioned, quasisymmetric stellarators also have this property, and
the plasma is free to rotate in the symmetry direction. One can prove that this
remains true in a turbulent plasma as long as the fluctuations satisfy the usual gy-
rokinetic ordering [9]. However, quasisymmetric fields are the only configurations
enjoying intrinsic ambipolarity: in all other magnetic fields the rotation is damped
to the value required for ambipolar radial transport. The fact that quasisymmetry
facilitates rotation has sometimes been emphasized as an advantage, since it can lead
to the reduction of turbulent transport [10].
In the present paper, we investigate what happens when a quasisymmetric stel-
larator plasma is made to rotate rapidly, and find that as soon as the rotation velocity
starts to exceed the diamagnetic speed significantly, this leads to a loss of the prop-
erties usually associated with quasisymmetry: intrinsic ambipolarity no longer holds
and a 1/ν-regime reappears in the neoclassical transport. This happens because, like
in the tokamak, the centrifugal force associated with the rotation causes the density
and electrostatic potential to vary within each flux surface, but unlike the tokamak,
the ensuing electric field is not quasisymmetric. The E ×B drift therefore destroys
the perfect confinement of collisionless orbits. Mathematically, what causes a ro-
tating plasma to behave differently in tokamaks and quasisymmetric stellarators is
the circumstance that the drift kinetic equation appropriate for describing a rapidly
rotating plasma does not exhibit the isomorphism mentioned above for non-rotating
4plasmas.
Specifically, we explicitly evaluate the electron transport in the 1/ν-regime caused
by a rapid rotation of a quasisymmetric plasma. Fortunately, this transport turns
out to be relatively weak. It is proportional to M4/νe multiplied by a small geomet-
ric factor, where νe is the electron collision frequency and M is the Mach number
associated with the rotation speed. In most plasmas of interest M is expected to be
small, so the extra transport caused by this mechanism may be modest.
This paper is organized as follows. Section II briefly reviews the topic of a subson-
ically rotating toroidal plasma and shows that unrestricted rotation is only possible
in quasisymmetric configurations [9]. Sections III and IV discuss the case of a rapidly
rotating toroidal plasma. In particular, section III briefly reviews the equilibrium ro-
tation of such a plasma [11], and section IV explicitly evaluates the electron transport
in the 1/ν-regime caused by the rotation. Finally, section V summarizes the results
and presents conclusions.
II. A SLOWLY ROTATING TOROIDAL PLASMA
We begin by briefly reviewing the topic of a subsonically rotating toroidal plasma,
as discussed in detail in [9, 12]. Specifically, we show that collisional plasma trans-
port is intrinsically ambipolar only in a quasisymmetric toroidal magnetic field. Con-
sequently, only in such a field can the plasma rotate freely, and then only in the
quasisymmetry direction. In all other magnetic field configurations the rotation is
determined by the radial electric field value required for ambipolar collisional parti-
cle transport. Moreover, gyrokinetic turbulence is unable to significantly affect this
result.
We neglect plasma turbulence at first and observe that the first-order contribution
5(in the small-gyroradius expansion) to the gyrophase-averaged distribution function
fj = fj0 + fj1 + . . . for plasma species j is determined by the standard drift-kinetic
equation [13]
v‖∇‖fj1 + vdj ·∇fj0 = Cj(fj1). (1)
Equation (1) employs the total energy ε ≡ v2/2 + ejφ/mj and magnetic moment
µ ≡ v2⊥/(2B) as the independent velocity variables, with ej and mj the charge and
mass of the species j, φ ≈ φ0(ψ) the electrostatic potential, and ψ the toroidal
flux function. Parallel and perpendicular refer to the direction of the local magnetic
field, vdj denotes the sum of the magnetic and E × B drifts, Cj is the Fokker-













with nj0 = ηj0(ψ) exp(−ejφ/Tj0) and Tj0 the lowest order density and temperature of
species j. Multiplying (1) by Tj0(ψ)fj1/fj0, integrating over velocity space, and flux-
surface averaging 〈. . .〉 gives the entropy balance equation for species j. Summing all
such equations and assuming small radial density and temperature gradients gives an
expression for the radial plasma current:








The radial transport is intrinsically ambipolar if and only if 〈J ·∇ψ〉 = 0 for an
arbitrary φ′0(ψ). The H-theorem then implies
fj1 = (αj + βjv‖ + γjv2/2)fj0. (4)
Substituting this expression in (1) gives αj = γj = 0, βj = F1(ψ)/B, and
B ×∇B ·∇ψ = F (ψ)B ·∇B, (5)
6with F and F1 arbitrary flux functions. It is easy to show that (5) is equivalent to
the quasisymmetry condition B = B(ψ,mθB − nϕB), so that the radial transport is
intrinsically ambipolar and therefore plasma rotation is unconstrained if [6] and only
if [9] the toroidal magnetic field is quasisymmetric. The quasisymmetry constraint
(5) is clearly satisfied by the axisymmetric tokamak magnetic field,
B = I(ψ)∇ζ +∇ζ ×∇ψ, (6)
with ζ the negative of the ordinary cylindrical angle measured about the toroidal
axis, giving F (ψ) = −I(ψ).
References [9, 12] further show that neither electrostatic nor electromagnetic gy-
rokinetic turbulence can appreciably affect the large-scale radial electric field and
plasma rotation in a generic stellarator, which are therefore close to the values ob-
tained from neoclassical theory, see also [14]. In such configurations, the turbulence
effects on plasma rotation can only be important on radial scales comparable to the
ion gyroradius. Only in a magnetic configuration that is very close to being perfectly
quasisymmetric the bulk plasma rotation can be significantly affected by gyrokinetic
turbulence.
III. EQUILIBRIUM OF A RAPIDLY ROTATING TOROIDAL PLASMA
The possibility of rapid (e.g. sonic) plasma rotation in a given toroidal magnetic
configuration is sometimes emphasized as an advantage, since it can lead to the reduc-
tion of turbulent transport via enhanced flow shear [10]. Therefore, we investigate
in the following sections whether such a rotation is possible in a quasisymmetric
magnetic field.
First, we follow [11] and study a large-flow equilibrium of a toroidal plasma. We
employ a conservative, steady-state form of the large-flow drift kinetic equation of
7Hazeltine and Hinton [15] for ions and expand it in the small ion gyroradius by



















Here, bˆ = B/B, c is the speed of light, and V = V‖bˆ+ cbˆ×∇ 〈φ〉 /B approximates
the rest frame of the distribution function fi. The velocity v = v‖bˆ+ v⊥ is measured
relative to this frame, w = v2/2 is the corresponding kinetic energy and µ = v2⊥/2B
the magnetic moment. Furthermore
w˙i0 = v‖F‖i + µBV ·∇ lnB − v2‖bˆ ·∇V · bˆ, (8)
where
F i = − e
mi
∇φ˜− V ·∇V , (9)
with ei = e the proton charge (we consider for simplicity a hydrogen plasma) and
φ˜ ≡ φ− 〈φ〉 the flux-surface variation of the electrostatic potential.













and that the rapid flow V , which is required to be incompressible, is given by
V = −c∇ 〈φ〉 ×∇B
B ·∇B . (11)
When applied to this expression, the flow incompressibility requirement, ∇ · V = 0,
constrains B to satisfy
(∇ψ ×∇B) ·∇(B ·∇B) = 0. (12)
Appendix A demonstrates that constraint (12) on B is equivalent to the quasisym-
metry criterion (5). Consequently, a toroidal magnetically confined plasma can only
8rotate rapidly if B is quasisymmetric. The condition (12) also implies that the mag-
netic field strength only depends on the flux surface and the arc length along the
field, B = f(ψ, `) [11].
It is instructive to see that the flow velocity (11) reduces to the standard axisym-
metric tokamak result [16, 17] when B is given by (6). Indeed, in this case, the
magnetic field magnitude is independent of ζ, i.e., B = B(ψ, θ), with θ the poloidal
angle, so that∇B = (∂B/∂ψ)∇ψ+(∂B/∂θ)∇θ. Then, using this expression in (11)
and employing (6) to show ∇ψ = B × R2∇ζ, so that ∇ψ ×∇θ = (B ·∇θ)R2∇ζ,
gives









2 − 〈V 2〉)
Te0(ψ) + Ti0(ψ)
, (14)
with Te0(ψ) the lowest-order electron temperature.
IV. NON-AMBIPOLAR TRANSPORT IN A RAPIDLY ROTATING
QUASISYMMETRIC PLASMA
Although the lowest-order ion drift-kinetic equation (7) predicts that rapid (e.g.
sonic) plasma rotation is allowed both in a quasisymmetric toroidal magnetic field
of a stellarator and in an axisymmetric magnetic field of a tokamak, the two cases
are actually different. In both cases, the centrifugal force associated with the rota-
tion causes the density and electrostatic potential variation (14) within flux surfaces.
However, while axisymmetry is preserved when these variations are taken into ac-
count, quasisymmetry is not. This results in the reappearance, in the latter case, of
9the 1/ν-regime of neoclassical transport. In this section, we explicitly evaluate the
electron collisional transport caused by this effect.
We will employ the flux coordinates (ψ, α ≡ θB−ιϕB, θB), with ι(ψ) the rotational
transform, which derive from the usual Boozer coordinates (ψ, θB, ϕB). Then, the
magnetic field can be expressed as
B = βB∇ψ + I(ψ)∇θB + J(ψ)∇ϕB =∇ψ ×∇α. (15)
The Jacobian can be conveniently written as (∇ψ×∇α) ·∇θB = ιB2/(ιI + J). For
simplicity we take B to be quasiaxisymmetric, i.e., B = B(ψ, θB), but an entirely
analogous calculation holds for quasi-helically symmetric fields.
Strictly speaking, Boozer coordinates are defined in the usual way only for equi-
libria satisfying c−1J ×B = ∇p, which is not the case for rotating plasmas. When
the pressure is anisotropic, the coordinates must be modified [18]. In the present
case, the modifications would be of order M2β, and will be neglected since we will
eventually take M2  1 and the plasma β, which is the ratio of kinetic to magnetic
pressures, is usually much smaller than unity in stellarators.
We start from the electron version of the standard drift-kinetic equation (1), with
fe0 given by (2), where we retain the flux-surface varying portion of the electrostatic
potential, φ˜. This equation is appropriate for electrons even for sonic plasma flows
since such flows are still much slower than the electron thermal speed as long as
M  (mi/me)1/2. To solve (1) analytically we employ an additional small parameter,
the ratio of the characteristic parallel length scale to the electron mean-free path,





e1 + . . .. Then, the lowest-order form of (1) becomes









e1 (ψ, α, , µ) for trapped
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ones. The function f
(0)
e1 is obtained from the next-order form of (1),
v‖∇‖f (1)e1 + vde ·∇fe0 = Ce(f (0)e1 ), (17)
by annihilating the streaming term. Equation (17) [and (1)] neglects the term
vde ·∇f (0)e1 that can lead to the
√
νe-regime of neoclassical transport [19]. This ap-
proximation is justified whenever M is small compared with (mi/me)
1/2 times the
ratio of the characteristic length scale along the α-direction to the (effective) electron
mean-free path.
As usual, the annihilation operator is the flux-surface average〈
B/v‖
〉−1 〈
(B/v‖)(· · · )
〉
for passing electrons and the bounce average
(· · · ) ≡ τ−1B
∮
(d`/v‖)(· · · ) for trapped ones, where ` is the arc length along
the magnetic field, τB ≡
∮
(d`/v‖) is the bounce time, and the integration is
performed between the bounce points. Since trapped particles are responsible for the
1/ν-regime of transport, we concentrate on evaluating f
(0)







To proceed we need to evaluate bounce averages of the electron radial drift velocity
and collision operator. Since vde = (v‖/B)∇× (v‖B/Ωe), with Ωe ≡ −eB/(mec) the
electron gyrofrequency, we have
vde ·∇ψ = v‖
Ωe















B ·∇B = B∂B
∂`



















































e1 ) + Cei(f
(0)
e1 ). We employ the usual model for the electron-ion operator [8]:
Cei(f
(0)
e1 ) = νei(v)
[






Here, L is the Lorentz operator, V‖i is the ion parallel flow velocity, and the velocity-




















with Λ the Coulomb logarithm and vTe ≡
√
2Te0/me the electron thermal speed. We
also use a similar simple model for the electron-electron collision operator [8],
Cee(f
(0)
e1 ) = νee(v)
[





















with erf(x) ≡ (2/√pi) ∫ x
0
dt exp(−t2) the error function and x ≡ v/vTe. Since the















νe(v)L(f (0)e1 ), (30)
with νD(v) ≡ νee(v)+νei(v). It is convenient to express the Lorentz operator in terms
of the variables ξ ≡ v‖/v and λ ≡ µ/w = v2⊥/(v2B), so that

































To simplify (32) further we recall that the total electron energy does not vary along
its trajectory, ∆ε = 0, so that the relative variation in the electron velocity along the
trajectory can be expressed in terms of the flux-surface variation of the electrostatic




2 − 〈V 2〉)
Te0 + Ti0
∼M2 − 〈M2〉 , (33)
where M2 ≡ miV 2/(Te0 + Ti0) is the plasma flow Mach number. Next, using (11) to
write











with BT ≡ ∇ψ × ∇θB the toroidal magnetic field, assuming BT ≈ B, and also
assuming that the relative variation of the magnetic field along the electron trajectory
























and is, by definition, of order unity for trapped particles. Consequently, for M2  1
we can neglect variations in v and λ, ∆λ/λ ∼ ∆v/v, but retain variations in ξ and B,
























Performing similar manipulations with (24) and using the results in (18) gives the


























1− λB . (38)



























where Bmin denotes the local minimum of the magnetic field magnitude on a given
field line. Since f
(0)
e1 is independent of α for passing particles, but dependent on α
for trapped particles, it should vanish at the trapped-passing boundary λ = 1/Bmax,
where Bmax denotes the maximum of the magnetic field magnitude on the flux surface.
Employing this boundary condition and integrating (39) gives the final expression for






























Next, we evaluate the radial particle flux due to the trapped electrons. Starting
from the standard expression
〈Γe ·∇ψ〉 ≡
〈∫
d3v (vde ·∇ψ)f (0)e1
〉
, (41)

















Employing (23) results in



























where σ denotes the sign of v‖. Finally, substituting f
(0)
e1 from (40) gives



































The integral in v can be easily evaluated by summing (27) and (29) to obtain νD(v)

























The only remaining quantity required for evaluating the λ-integrals in (44) is ∂φ˜/∂α,

























where we recalled that B = B(ψ, θB). Therefore, it is clear that










where (B2 −B2T )/B2  1
Expression (44) can be simplified if we assume that B = B0(1 −  cos θB), with
 1, and change variables from λ to κ, which is defined as
κ2 ≡ 1− λB0(1− )
2λB0












































































dκκh(ψ, α, κ), (51)
with E and K the complete elliptical integrals of the first and second kind, respec-
tively. Employing these results in (44) gives the following simplified expression for
the electron radial flux:



























E(κ1) + (κ21 − 1)K(κ1)
∫ κ1
0
dκ2 κ2 h(ψ, α, κ2). (52)
We expect in this case that (1/B2)∂(B2−B2T )/∂α ≈ (2/B2)∂(BT ·BP )/∂α ∝ , with
BP ≡ −ι∇ψ ×∇ϕB the poloidal magnetic field, so that 〈Γe ·∇ψ〉 ∝ 7/2.
V. CONCLUSIONS
In general, the equilibrium large-scale plasma rotation in a toroidal magnetic field
must be subsonic, and is determined by the requirement that collisional particle trans-
port should be ambipolar to lowest order. Neither electrostatic nor electromagnetic
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gyrokinetic turbulence can appreciably modify this rotation and the associated radial
electric field, except transiently or on radial length scales comparable to the ion gy-
roradius. Only in quasisymmetric toroidal magnetic fields is the collisional particle
transport intrinsically ambipolar, so that the plasma can rotate freely in the qua-
sisymmetry direction. Although it is very difficult to realise quasisymmetry to high
enough accuracy, in principle one would think that the rotation velocity in such a
device could approach the ion thermal speed. However, if it does, then the quasisym-
metry gets violated and the centrifugal force becomes important in determining the
particle distribution within flux surfaces. This leads to the reappearance of a 1/ν-
regime of neoclassical transport, which is not intrinsically ambipolar and normally
absent in quasisymmetric magnetic fields. Fortunately, this transport is relatively
weak. For electrons, it scales as M4/νe times a small geometric factor (proportional
to 7/2 for large aspect-ratio,   1, configurations). Since M and  are expected to
be small in most plasmas of interest, the non-ambipolar 1/ν-transport is expected to
be very modest.
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APPENDIX A: EQUIVALENCE OF (5) AND (12)
This appendix demonstrates that magnetic field constraint (12) is equivalent to
the quasisymmetry criterion (5), see also Ref. [21]. To see this we notice that the
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vector B ×∇ψ is tangential to a flux surface and thus can be written as
B ×∇ψ = aB + b∇ψ ×∇B, (A1)
with some scalar quantities a and b. Dotting this equation with ∇B gives a =
(B×∇ψ ·∇B)/B ·∇B, while crossing it with B gives b = −B2/B ·∇B. Evaluating
divergence of (A1), employing J ·∇ψ ≈ 0, and using (12) results in






Therefore, a is a flux function on irrational flux surfaces, and by continuity also on
rational ones, which is equivalent to (5).
APPENDIX B: FLUX-SURFACE VARIATION OF ELECTROSTATIC
POTENTIAL
This appendix evaluates the flux-surface variation of the electrostatic potential,
φ˜ = φ− 〈φ〉, and obtains (14). It is shown in [11, 15, 16] that flux-surface variations
of the electron and ion densities, ne and ni, and the electrostatic potential are related
through the constraints
∇‖ lnne − e
Te0(ψ)
∇‖φ˜ = 0,




V ·∇V · bˆ = 0, (B1)
arising from parallel momentum balance. Subtracting one of these equations from
the other, employing quasineutrality, ne = ni, and multiplying by B gives
B ·∇φ˜ = − miTe0(ψ)
e[Te0(ψ) + Ti0(ψ)]
V ·∇V ·B. (B2)
Using
∇× (V ×B) = V (∇ ·B)−B(∇ · V ) +B ·∇V − V ·∇B, (B3)
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with ∇ ·B =∇ ·V = 0 and V ×B = c∇ 〈φ〉, results in B ·∇V = V ·∇B, so that
V ·∇V ·B = V ·∇(V ·B)− V ·∇B · V = V ·∇(V ·B)−B ·∇(V 2/2). (B4)
Employing (5) in (11) to show V · B = F (ψ)d 〈φ〉 /dψ, so that V · ∇(V · B) ∝
V ·∇ψ = 0, gives
V ·∇V ·B = −B ·∇(V 2/2). (B5)
Using this result in (B2) finally gives (14).
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